approximation [20] , results obtained for the system apply to other cases, in which roughness and 79 compliance are distributed more evenly between the two solids. 80 The indenter is set up as a randomly rough substrate whose height spectrum C(q) ≡ |h(q)| 2 satisfies
where H is the Hurst roughness exponent, q r is the roll-off wavevector, and q s the wavelength associated with the short-wavelength cutoff. This shape of the height spectrum is motivated from experimental observations [21] [22] [23] [24] . The Fourier transform of the height profile is drawn according tõ
where v(q) is a uniform random number on (0, 1). With the such-defined height spectrum, the mean 81 square of the height difference is proportional to ∆r 2H when the two points, at which the height is taken 82 are a distance q −1 s ∆r q −1 r apart and it levels off to the mean-square roughness for r q −1 r [25]. β exponent in the A c ∝ a β r relation, valid at low-pressures for H > 0.5 γ exponent in the A c ∝ 1/(a cp − a r ) γ relation, valid for large systems just below p cp ε c , ε f ε c = a/λ s , ε f = λ s /λ r κ dimensionless proportionality coefficient a r /p * λ r , λ s roll-off wavelength and short-wavelength cutoff σ stress τ exponent in the n(A) ∝ A τ relation A area of an individual contact patch A c characteristic contact-patch area A min crossover area from Hertz to self-affine scaling ACF autocorrelation function C(q)
height spectrum E * contact modulus G σσ (r) stress ACF GFMD Green's function molecular dynamics H Hurst exponent L load or normal force a discretization length used in the simulation a cp relative contact area at percolation threshold a r relative contact areā g rms height gradient h rms height h(r),h(q) height in real-space and Fourier representation n(A) number density of contact-patch areas p 0 nominal contact pressure p * dimensionless contact pressure p 0 /E * ḡ p cp pressure at contact-percolation transition q, q wave vector and its magnitude q r , q s q r = 2π/λ r , q s = 2π/λ s r, r in-plane vector and its magnitude r c characteristic patch radius √ A c /π rms root-mean square u(r),ũ(q) displacement in real-space and Fourier representation There are two central quantities or observables of interest in this paper. First, the contact-patch size distribution n(A) defined in the introduction including quantities that can be derived from it, such as a characteristic cluster size. We define the latter as
which is also known as the contraharmonic mean. It gives the expectation value of the contact patch 110 size that a randomly picked contact point -not patch (!) -belongs to. Unlike the first moment of n(A),
111
the measure A c remains invariant when a patch of size zero is added to or removed from the statistics.
112
In order to obtain accurate results for contact areas, a fine discretization is required, or, alternatively well-chosen observables that correct for deviations from the continuum limit. In this respect, it may be worth discussing the suggestion by Yastrebov et al.
[31] to estimate the size of contact patches according to
where c is a dimensionless fit parameter, ε c ≡ a/λ s , A n (ε c ) the contact-patch size of cluster n at a 113 given real-space discretization of ε c , and L n (ε c ) is the length of the contact line. We found that these 114 corrections are indeed very useful when applied to the total contact area and thus the ratio κ between 115 relative contact area a r and reduced pressure p * 0 ≡ p 0 /(E * ḡ ). Unlike Ref.
[31], we found c = 1/8, 116 rather than c = π/8, to work very well, as demonstrated in Fig. 1 Unfortunately, the determination of the characteristic contact-patch size is adversely affected by 123 the patch-size corrections, which is demonstrated in Fig. 2 . We rationalize this negative result with 124 the observation that clusters may break up or unite when the accuracy of the calculation is increased 125 by decreasing ε c , the latter process happening with a greater probability. These two processes have 126 essentially no effect on the net contact area but can leave significant traces in the determination of 127 A c , in particular near the percolation threshold and/or in the vicinity of a pressure where two large 128 clusters merge. We nevertheless attempted to ensure that the (deterministic) uncertainties of A c , which 129 are due to ε c being finite, are well below 20%. This was done by simulating each individual random 130 realization with at least three values of ε c . The second central observable is the stress autocorrelation function (ACF). Here, we define it as
where . . . denotes an average over all interfacial points r . In this definition, the stress ACF is 132 normalized to the true contact area to facilitate comparison of results for different pressures, while 133 the text in the abstract assumes no division by a r . With the definition in the main text, G σσ (0) is the 134 second moment of the stress averaged over true contact only and G σσ (r) tends to p 2 0 /a r for r → ∞.
135
In a previous work [25], we had subtracted p 2 0 from the numerator on the r.h.s. of Eq. (7), in order to 136 make G σσ (r) go to zero at large r. 137 
Theory

138
In this section, we propose simple arguments for the estimation of the range of values of A, in 139 which the self-affine scaling n(A) ∝ A −τ holds. This includes separate guesses for the breakdown of the relation for small A at A min and for large A at A max . We note that A max is strongly correlated with 141 -or even close to -the characteristic patch size A c if the exponent τ satisfies τ < 2.
142
To set the stage for the discussion, we note that we only consider systems that are homogeneously 143 loaded with normal stress, acting on the elastic solid's surface opposite to the interface. Likewise, the 144 roll-off domain (L/λ r ) is assumed to be large enough, in order for finite-size effects [32] to be minor.
The maximum radius of curvature R c of a single, one-dimensional sinusoidal height wave satisfies
where the expectation value is taken over an integer multiple of a (half) wavelength. In the following, 147 we assume this relation to also apply to the maxima of randomly rough surfaces. We kept the factor of 
151
For self-affine patches, the macroscopic relation A = κL/E * holds with little statistical scatter on an individual basis. The cross-over between the two power laws occurs at the load where both equations predict the same contact area at the same load. This leads to a cross-over area of
between Hertzian and self-affine scaling of A n (L n ), which thus constitutes an approximation for the 152 minimum area on the self-affine branch.
153
When the scaling regime of the self-affine roughness extends over many decades, the term (R cḡ ) 2
154
can be readily estimated to be
For a precise determination of A min , it might be in place to introduce a scale-dependent radius of 156 curvature. However, we do not see that such a detailed treatment adds much to our rough estimate, dropped below the square of the minimum, macroscopic pressure p cp needed to induce contact percolation. This gives a characteristic patch radius r c satisfying
For p > p cp , the value of G σσ (r c ) must obviously turn out greater than p 2 cp /a cp , since r cp is 168 divergent (in the thermodynamic limit) and thus the ratio of G σσ (r c ) simply becomes p 2 0 /a r . Right at 169 the percolation threshold, the percolating cluster is also infinitely large so that the equality G σσ (r c ) = 170 p 2 cp /a cp must hold. With increasing distance from the percolation point, e.g., with decreasing pressure, it then appears reasonable that G σσ (r c ) keeps getting smaller. However, it is counterintuitive that it 172 can drop by as much as a factor of ten for realistic values of ε f .
173
Let us estimate the value of p 2 cp /a cp . While subtle differences for the a(p) relation between different H exist, we use an overall fit [Eq. (15) in Ref. [35] ] to numerical data [26] , in order to get a first guess for the r.h.s. of Eq. (12). We consider the data of Ref.
[26]] to be reliable from no to complete contact, as it actually includes finite-size as well as fractal corrections in addition to continuum corrections. It turns out that the linear relation between a c and p is reasonable up to the percolation point, partly because the leading-order corrections to the linear a(p) relation are of order p 3 0 . Thus, our first guess for the characteristic patch radius at p < p c reads
due to the well-known a r = κ p * 0 approximation, which is valid at a small reduced pressure of 
Results
176
To set the stage for a later discussion, results of a medium-sized contact-mechanics simulation 177 are shown in Fig. 3 , in which the relative contact area has been obtained to a r = 0.02. The figure   178 reveals that the real contact area becomes roughly isotropic for a H = 0.8 surface when averaged over 179 apparent contacts clearly exceeding λ 2 r . It also shows that there are many more small than large contact 180
patches. Yet, most contact points belong to large patches. Moreover, the linear size of the largest cluster 181 shown in the circular call-out box corresponds roughly to twice the value of r, at which G σσ (r) has 182 fallen to 0.1 (E * ḡ ) 2 , which defines a rough estimate of a characteristic patch radius. 183 We begin our quantitative analysis with a reproduction of the trends published by Campaña in order for the surface to qualify as self-affine. 196 We next analyze the contact-patch-size distribution n(A) in Fig. 5 . The product n(A) · ∆A states the probability that a randomly picked contact patch has a size between A and A + ∆A, where ∆A is assumed to be infinitesimally small. When measuring n(A) at sufficiently small loads, we find that all Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 August 2018 doi:10.20944/preprints201808.0031.v1 data, i.e., many more data sets than the ones shown in Fig. 5 , are consistent with the Eq. (1) and τ(H) dependence identified for cuts through Gaussian surfaces
in a non-negligible range of values for A min < A < A max .
197
An exponent in the range 1 < τ < 2 indicates that the mean contact area is determined by the small patches on the self-affine branch, while the characteristic contact area is determined by the large patches and strongly affected by the value A max above which power law scaling no longer holds. We also note that the contact area at which the n(A) scaling relation changes is within a few 10% of the contact area at which the L(A) relation crosses from Hertzian to linear. In addition, the probability of very large clusters to occur is strongly suppressed compared to the scaling at intermediate A. In fact, for A > A min , the relation
where A max is a fitting parameter turning out close to A c , gives a satisfactory representation of The next question to be tackled is to what degree the characteristic patch size changes 201 with the normal pressure. The increasing-load-only-leads-to-more-of-the-same dictum is certainly 202 counterintuitive as each existing patch, including the largest one, is expected to grow with increasing 203 load. Fig. 6 reveals that A c in fact increases with pressure from small to large loads. The pressure Before discussing the results in detail, we note that acquiring statistics is a non-trivial undertaking, A c (ε f ) laws differ between Hurst exponents above and below H = 0.5, but also the functional form 243 of the low-pressure A c (a r ) dependence, even if the currently available data on A c (a r ) by itself is too 244 meager to provide strong support for this latter claim.
245
It still needs to be shown that the radius of a characteristic cluster correlates with the distance at 246 which the stress ACF drops to a value near p 2 cp /a cp . Towards this end, the stress ACF is shown in Fig. 8 247 at different values of ε f . It can be seen that the H = 0.3 stress ACF has decayed to a rather small value 248 at a relatively short distance, i.e., to a value well below p 2 cp /a cp on a distance that is of O(
Subsequently, there is little dependence of the stress ACF for H = 0.3. This is different for the H = 0.8 250 surface, where stress correlations are much longer ranged than for H = 0.3, and moreover, distinctly 251 more sensitive to the ratio λ r /λ s . 
Conclusions
272
In this article, we have analyzed and rationalized the distribution of contact patch sizes in contacts 273 between adhesionless, randomly rough, elastic solids. Our simulations revealed that the scaling 274 relation known for the number density of large contact patches, i.e., n(A) ∝ A −τ , breaks down 275 at a characteristic (maximum) patch size A c , where the scaling crosses over to a superexponential 276 decay. Our theoretical considerations allow the range of validity for the scaling relation to be crudely 277 estimated. Likewise, it allows the characteristic contact-patch size to be estimated from any theory that 278 allows a reliable calculation of the stress ACF. So far, Persson's approach to contact mechanics has been 279 successful in this regard [25, 33, 39, 40] , while bearing models that do not incorporate pairwise elastic 280 interactions between asperities are doomed to fail by design [40] . Additional theory is nonetheless 281 required to explain the observed dependence of the exponent τ on the Hurst exponent, which we 282 identify as τ = 2 − H/2. Since the total contact area is readily predicted, as well as A min and A c , this 283 theory would have to explain either the exponent τ directly or indirectly through the prediction of the 284 prefactor for the number density n(A).
285
The dependence of the exponent τ on H is consistent with results deduced from cuts through 286 Gaussian surfaces [13, 14] . This is quite surprising, because the exponents describing the spatial 287 correlation of contact differ quite substantially between those valid for elastic contacts from those 288 obtained from cuts through the surface [19, 40] . It yet seems as if changes to the model can alter the 289 precise value of the model. For example, the problem assigned in the contact-mechanics challenge [19] 290 included moderate adhesion (large enough to increase κ by 50%, but too small to induce substantial 291 stickiness) reduced the value for a H = 0.8 surface from τ = 1.6 to τ ≈ 1.45. This result can be 292 rationalized with the argument that adhesion favors the existence of large patches, because a small 293 separation between two clusters become energetically unfavorable, whereby small contact patches are 294 removed and added to large patches.
Our simulations demonstrated that the increasing-load-only-leads-to-more-of-the-same 296 (ILOL2MOTS) dictum -which is approximately valid for the contact mechanics of self-affine, randomly 297 surfaces at small stresses -starts to be a poor approximation well below the percolation pressure. As 298 proposed in the introduction, this observation provides a possible explanation for why Amontons' law 299 or Ryes-Archard law break down at large loads, even if the pressure is sufficiently small for the stress
